Abstract: In this paper, the influences of parameters on the dynamics of a fractional-order Newton-Leipnik system are numerically studied. The ranges of the parameters used in this study are relatively broad. The system displays comprehensive dynamic behaviors, such as fixed points, periodic motion (including periodic-3 motion), chaotic motion, and transient chaos. A period-doubling route to chaos is also found.
Introduction
Scientists and mathematicians have been working on problems of rigid body motion for over two centuries, and it has many practical engineering applications such as gyroscopes, satellites, spacecraft, and rockets. However, most existing analytical solutions to the general problems of rigid body motion are still far from complete due to the existence of chaos phenomena. Therefore, the research on chaos has becomes one of the hot issues in the field of nonlinear science. Chaos controls have great prospects for application in many fields, especially in electricity, communications, information science, medical sciences, etc. [1] [2] [3] [4] [5] Thus, choosing system parameters in engineering systems is very important. In 1981, Leipnik and Newton [6] found two strange attractors in rigid body motion which they presented in a pioneering report on the concept of chaotic motion in gyros. Very recently, this system was termed the "Newton-Leipnik system" by Wang and Tian [7] . They also studied the bifurcation of the Newton-Leipnik system and controlled the system using a simple linear controller. Since Leipnik and Newton ' s work, the chaotic dynamics of rigid body motion have been intensively studied by many scientists [8] [9] [10] [11] [12] . Recently, in a study of the anti-control of chaos in rigid body motion, Chen and Lee [13] introduced a new chaotic system that can generate a two-scroll chaotic attractor. Richter [14] investigated the stability and chaos control of the Newton-Leipnik system with a static nonlinear feedback law based on Lyapunov's direct method.
Fractional calculus is one of the classical topics of mathematics. Applications of fractional-order systems are seen in many areas of science, including engineering systems [15] [16] [17] . In recent years, more attention has been focused on chaotic attractors in fractional-order systems [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . Very recently, Sheu et al. [31] also studied the dynamics of a fractional-order Newton-Leipnik system, and the lowest order for this system to yield chaos was 2.82. In this paper in a further investigation of this system, the dynamics of the fractional-order Newton-Leipnik system was numerically studied by changing the system parameters with the fractional order specified as 2.82. 
where 0 < p, q, r ≤ 1, and D α is the Caputo fractional derivative operator of order α [32] . There are several numerical techniques for solving fractional-order differential equations [33] [34] [35] .
Parametric analysis
Based on an algorithm of the scheme developed by Diethelm et al. [33] , an efficient method for solving the Newton-Leipnik system with Caputo derivatives is the predictor-correctors scheme, which is a generalization of the classical Adams-Bashforth-Moulton integrator that is well known for being a numerical solution of first-order problems. In the following simulations, these methods were used to integrate Eq. (2), and the details regarding the variation of parameters are described below. In an analysis of the influences of system parameters a and b, the orders of the system are specified as p = q = r = 0.94, with the initial state (0.349, 0, -0.18) throughout the paper. Fig. 1a and b, respectively. When b = 0.30, the system displays completely different motion named period-3, and the phase diagrams of the x-y plane and the time history of x(t) are plotted in Fig. 2a and b , respectively. Equation (2) is periodic when 0.39 ≤ b < 0.41. Furthermore, the system can display period-1, -2, and -4 motions as shown in Fig. 3a-c. Thus, Fig. 3 identifies a period-doubling route to chaos. It was found that when 0.44 ≤ b ≤ 1.1, periodic behaviors were observed in the system, and the phase diagrams of the x-y plane are plotted in Fig. 4a and b , respectively. Attractors seem to rotate by approximately 180°. In other words, another strange attractor is also present in this case. When 1.2 ≤ b ≤ 2.8, the system exhibits different behaviors. The phase diagrams of the x-y plane are shown in Fig. 5a and b for b = 1.2 and 2.6, respectively, which shows , the observed phenomenon of the system demonstrates transient chaotic behavior as shown in Fig. 10a and b , and the responses eventually converge to a fixed point. In this case, the system undergoes a heteroclinic bifurcation.
Conclusions
The influences of the system parameters on a fractional-order Newton-Leipnik system were studied in this paper. The order used for this system was fixed at 2.82. In addition, due to the relatively broad range of parameters, the comprehensive dynamic behaviors, such as fixed points, periodic motions (including period-3), chaotic motions, and transient chaos could be observed, and the variations in the orbit of attractors were also exhibited with changes in the parametric values. Meanwhile, it is important to mention that period-3 has also been observed through time history. Therefore, it can be concluded that selecting appropriate values of the system parameters can be used to restrain chaos or generate chaos. 
